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Abstract: In this paper, based on Jumarie’s modified Riemann-Liouville (R-L) fractional calculus, some examples
are provided to illustrate how to use Picard iterative method to find the approximation solution of fractional
differential equation. A new multiplication of fractional analytic functions plays an important role in this paper. In
fact, our results are generalization of these results of ordinary differential equations.
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I. INTRODUCTION

Fractional calculus is a branch of mathematical analysis, which studies several different possibilities of defining real or
complex order. In the past decades, fractional calculus has developed rapidly in mathematics and applied science. Fractional
calculus is very popular in many fields, such as mechanics, dynamics, control theory, physics, economics, viscoelasticity,
biology, electrical engineering, etc [1-8]. However, the definition of fractional derivative is not unique. Commonly used
definitions include Riemann-Liouville (R-L) fractional derivative, Caputo fractional derivative, Grunwald-Letnikov (G-L)
fractional derivative, Jumarie’s modified R-L fractional derivative [9-14]. Since Jumarie type of R-L fractional derivative
helps to avoid non-zero fractional derivative of constant function, it is easier to use this definition to connect fractional
calculus with classical calculus.

In this paper, based on Jumarie type of R-L fractional calculus, we provide some examples to illustrate how to use Picard
iterative method to find the approximation solution of fractional differential equation. A new multiplication of fractional
analytic functions plays an important role in this article. In fact, our results are generalization of these results of ordinary
differential equations.

1. PRELIMINARIES
Firstly, we introduce the fractional calculus used in this paper.

Definition 2.1 ([15]): Let 0 < a < 1, and x, be a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by

_ 1 d rx f(©)-f(x0)
(PO = e [ FOLE e ®

And the Jumarie type of Riemann-Liouville a-fractional integral is defined by

(e FO] = — [ LYz, @)

I'(a) “xo (x—-t)1~«

where T'( ) is the gamma function.

In the following, some properties of Jumarie type of fractional derivative are introduced.
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Proposition 2.2 ([16]): If a, B, x,, C are real numbersand g = a > 0, then

(D) = x0)F] = P (e = %), 3)

and

(xDg)ICc] = 0. (4)
Next, the definition of fractional analytic function is introduced.

Definition 2.3 ([17]): Let x, x,, and a;, be real numbers for all k, x, € (a,b),and 0 < a < 1. If the function f,:[a,b] - R

can be expressed as an a-fractional power series, that is, f,(x%) = Y- Oﬁ(x—xo)k“ on some open interval

containing x,, then we say that f,(x%) is a-fractional analytic at x,. Moreover, if f,: [a, b] = R is continuous on closed
interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then f, is called an a-fractional analytic
function on [a, b].

In the following, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([18]): If 0 < a < 1, and x, is a real number. Suppose that f, (x%) and g, (x*) are a-fractional analytic at
X = xo y

fa(x%) = Xp- om(x — xo)*, 5)
9a(x) = X0 —r(kikﬂ) (x — xp)"e. (6)
Then
fa(x*) & go(x®)
= S0 met O = %) ® Bifeo i O = %)
= 5o (B0 (X) @hmbm) G = 300 ™
Equivalently,
fa(x*) ® go(x®)

= S0 % (s - x)) . @ S (s = x))

o k ®k
= 0 (Bhno (1) aiembm) (e & = %00%) - (8)
Definition 2.5 ([19]): Assume that 0 < a < 1,and f, (x%), g,(x%) are a-fractional analytic at x = x; ,
Fulx) = Dot (= 1) = 0 % (s = x)®) ©)
Rk
(&) = Do s (¢ = x0) ™ = T 1 (o (8 = %0)" )’ (10)
The compositions of f, (x%) and g, (x%) are defined by
o ®k
(fa© 9 %) = fu(9a(x®)) = 202 (92 (x9) ™, (11)
and
o ®k
(9 © fu) (29) = Ga(fu(x®) = Lo 2 (fux®)) ™. (12)
Definition 2.6 ([19]): Suppose that 0 < a < 1, and x is a real number. The a-fractional exponential function is defined by
oo xka Coe 1 1 ®k
Ea(x®) = Xizo F(ka+1) Zk:oﬂ(r(an)xa) : (13)
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In the following, the power of fractional analytic function is defined.
Definition 2.7: Suppose that 0 < @ < 1 and n is any positive integer. Then
[fa(xD]®" = f(x) @ @ fo(x) (14
is called the n-th power of the a-fractional analytic function f, (x%) .
I11. RESULTS AND EXAMPLES

In this section, the main results are provided and we give some examples to illustrate how to use Picard iterative method to
find the approximation solution of fractional differential equations.

Definition 3.1: Let 0 < a < 1, x,, be a real number. Then the initial-value problem of a-fractional differential equation
(XODJ‘?) [ya(xa)] = Fa(xat J’a(x“)),
ya(xg) = yO,a- (15)

Where F, is a continuous function in a domain 4,, and (xg‘,yo,a) € A,. Let ¢, (x%*) be asolution on an interval containing
Xo. Then if ¢, (x%) is a-fractional analytic for all x € I, then we have

(XODJ?)[(pa(xa)] = sz(xa' (pa(xa)):
(pa(x(‘]z) =Yo,a (16)
forallx eI

Theorem 3.2: Suppose that 0 < a < 1, x, is a real number. Then ¢, (x%) is a solution of the initial-value problem of a-
fractional differential equation

(xOD)(cz)[ya(xa)] = Fa(xa'yzx(xa))v
ya(Xg) =Yoa

if and only if ¢, (x%) is a solution of the a-fractional integral equation

Ya(xa) =Yo,a + (xolg)[Fa(xarya(xa))]- (17)
Proof (i) Suppose that ¢, (x%) is a solution of the initial-value problem (15) on I. Then
(2o DE) @0 (x)] = Fy (x%, 00 (x)) (18)

for all x € I. Since ¢, is a-fractional analytic on | and F, is continuous in A, it follows that Fa(x“, (pa(x“)) is continuous
on [. Thus, we obtain

(pa(xa) = Yot (xolg)[Fa(xa: (pa(xa))] (19)

for all x € I. Applying the initial condition ¢, (x§) = y, o, We see that ¢, is a solution of the a-fractional integral equation
A7) onl.

(ii) Suppose that ¢, (x®) is a solution of the a-fractional integral equation (17) on I. Since F,(x%, ¢, (x®)) is continuous
forall x € I, we see that (19) holds, and by fundamental theorem of fractional integral calculus, differentiation of (19) yields

(xODchl)[ P (x9)] = Fa(xa, (pa(xa))

for all x € I. We observe in (19) that ¢, (x§) = ¥, 4. Therefore, ¢, is a solution of the initial-value problem (15).

Q.ed.
Example 3.3: Let 0 < a < 1. Solve the initial-value problem of a-fractional differential equation
(oDE)ya(x)] = o *“®Ya (),
Ya(0) = 1. (20)
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Solution Since the corresponding a-fractional integral equation is

Ya(x) = 1+ (olf) [ ¥“®Ye(x™)]: (21)

It follows that the successive approximations are given by
Poa(x®) =1, (22)

Pra(x®) =1+ (o) [r(a1+1)xa]

1] 1 ®2
=1+; [r(a+1)xa] ' (23)

1 [ 1 ®2
Pra(x®) =1+ ( OI,‘;‘) [r(a+1)xa® {1 *3 [r(a+1)xa] }]

1 1 1 ®3
=1+ ( OIJICX) [l"(a+1) x“ + 2 [F(a+1) xa] ]

=1+1 [F(;H)x"‘]®2 +2 [r (;H) x“]®4 , (24)
03,0 =1+ (o) [F(a1+1) xa®{1 + i [F(zx1+1) xa]®2 * % [r(a1+1) xa]®4}]
=1+ (ol¥) [r(a1+1)xa + 2 [r(a1+1) xa]®3 + % [F(a1+1) xa]®s]
- e el @

and thus ¢, ,(x%) can be obtained by induction:

Pna(x)
®n

®2 ®3
_ EN IR Lo U Y BT B Lo ([t «]®? RN £4 I S L
=1+ (2 [F(a+1)x ] )+2! (2 [F(a+1)x ] +3! 2[F(a+1)x ] + +n! 2[F(a+1)x ] ! (26)

It can easily be seen that the solution of this initial-value problem is

Pa(x?) = Eq G [r(a1+1)xa]®2> ' 27)

Example 3.4: If 0 < a < 1. Find the approximation solution of the initial-value problem of a-fractional differential
equation

(D@D = 2 s x™ + v (x),

Ya(o) =1 (28)
Solution Since
0o (x®) =1, (29)
1
P1(x%) =14 (,IF) [1 +2: r(a+1)xa]
1 1 ®2
=1+ ['(a+1) x + [r(a+1)xa] ! (30)

X =14 (&) |2 X+ 1+ — “+[ : “]®2
P2,a\X") = 0fx r(a+1)x F(a+1)x F(a+1)x

K2
=1+ ( OIJ‘CZ) [1 +3- r(a1+1) X%+ [F(a1+1) xa] ]
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=1+ F(a1+1) x + ; [r(a1+1)xa]®2 %[r(;ﬂ)xa]@S , (31)
<P3a(x )=1+ ( 01“) [ F(a+1) x*+1+ F(a+1) x + 2 [F(a1+1) xa]®2 + % [F(a1+1) xa]®3]
=1+ (olx) [1 +3 F(a+1) x* +g[r(a1+1)xa]®2 +§[r(a1+1)xa]®3]

x®) =1+ (ol%)|2- x*+1+ x“+3[;x“]®2+l[ ! x‘7‘]‘g’3+i[;x"‘]®4
Paa - 0%x I'(a +1) F(a+1) 2 lr@@+n) 2 Ir(a+1) 12 LT (a+1)

=1+ 1“)[1+3 x“+3[ 1 x“]®2+1[ ! x“]®3+i[ ! x“]m]

T(a+1) 2 lr(a+1) 2 Ir(a+1) 12 Ir(a+1)

®2 ®3 R4 ®5
- 1 a 3|1 a 11 a 11 a ]t a
=1+ I'(a+1) "+ 2 [F(a+1) x ] + 2 [F(a+1) x ] + 8 [F(a+1) x ] + 60 LT (a+1) ] (33)
It follows that the approximation solution of this initial-value problem is

P (x%)

®2 ®3 ®4
— 1 a E 1 a l 1 a l 1 a
=1+ F(a+1)x + 2 [l"(a+1)x ] + 2 [F(a+1)x ] + 8[F(a+1)x ] 60 F(a+1) ] + (34)

Example 3.5: Assume that 0 < a < 1. Find the approximation solution of the initial-value problem of «-fractional
differential equation

( OD)?)[ya(xa)] l"(a+1) a + [J’a(x“)]

Ya(o) =0. (35)
Solution
®oo(x*) =0, (36)
P1a(x%) =0+ (IF) [ r(a+1)xa]
1 a ®2
-+l e

#acx®) =0+ (of7) [F( Xt E [r(a1+1)xa]®2]®2]

= (of) [F(;H)xa + [ﬁxa]m]
- =] il -
| o e

®4 ®7 ®10
= Y : ¢ l [ : a:l i [ : a:l ; : a:l
( 01") [F(a+1)x + 4 F(a+1)x + 20 F(a+1)x + 400 F(a+1)x

2 11
xa]@ +i 1 xa]®5+i[ 1 x“]®8 1 1 xa]@

20 LI (a+1) 160 Lr(a+1) 4400 LT (a+1)

1
T2 [F(a+1) . (39)
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Therefore, the approximation solution of this initial-value problem is

®2 ®5 ®8 ®11
ay _ 1[_1 « 1 1 « 1 1 « 1 1 «
Pa(x%) [F(a+1)x ] +20 [F(a+1)x ] +160 F(a+1)x ] +4400 [r(a+1)x ] o (40)

Example 3.6: If 0 < a < 1. Find the approximation solution of the initial-value problem of a-fractional differential
equation

(1D Ve (x)] = 1 + [y, (x*)]®3

Yo(1) = 1. (41)
Solution
Poa(x¥) =1, (42)
Y1) =1+ ( 11)?)[1 +1]
— _ a
=1+2- +1) (x — 1), (43)
P2,a(xY)
1 ®3
= 1+(11§)[1+ [1+2-F(a+1)(x—1)“] ]
=1+ (09) |2+ 6 ——x* +12 [ (—1)] [ ! —1“]®3
- 1x F(a+1)x Ta+rn) [(a+1) (x )
— [24 a ®3 (04 ®4
=142 ;s (x - D +3 [F( — - 1" ] +4- [F(a+1)(x—1) ] +2-[F(a+1)(x— e (a9)
Thus, the approximation solution of this initial-value problem is
Pq(x)
=1+2- D3 [ (-1 ] 4| 2= -1 ] 2 [ —1“]®4+
- I'(a +1) (x )+ T(a+1) (x ) T(a+1) (x )" T(a+1) (x )

(45)
IV. CONCLUSION

In this paper, based on Jumarie type of R-L fractional calculus, we give some examples to illustrate how to use Picard
iterative method to find the approximation solution of fractional differential equation. A new multiplication of fractional
analytic functions plays an important role in this article. In fact, our results are generalization of these results of ordinary
differential equations. In the future, we will continue to use Jumarie’s modification of R-L fractional calculus to study the
problems in applied mathematics and fractional differential equations.
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